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Abstract
In this note we obtain new coincidence theorems for absolutely summing multilinear
mappings between Banach spaces. We also prove that our results, in general, can not
be improved.
1 Introduction
The theory of ideals of multilinear mappings was outlined by Pietsch [13] and since then
the generalization of particular ideals of operators to multilinear mappings has being inves-
tigated by several authors (see [3],[4],[5],[8],[10],[11]). The analogy between the linear and
multilinear cases is sometimes non trivial and several related questions have been investi-
gated. For example, it is well known that every scalar valued continuous linear operator
between Banach spaces is absolutely p-summing. It is also easy to check that this result, in
general, is no longer valid for absolutely (p; p, ..., p)-summing multilinear mappings. How-
ever, an unpublished result, credited to A. Defant and J. Voigt, states that every continuous
multilinear form is absolutely (1; 1, ..., 1)-summing (see [7]). In this note we obtain new re-
sults of coincidence for absolutely summing multilinear mappings and show that, in general,
they can not be improved.
Throughout this paper p is a real number not smaller than 1 and E, E1,..., En and F are
Banach spaces. The scalar field K can be either R or C. The linear space of all sequences
(xj)
∞
j=1 in E such that ‖(xj)
∞
j=1‖p = (
∑
∞
j=1 ‖xj‖
p)
1
p <∞ will be represented by lp(E). We
will also denote by lwp (E) the linear space composed by the sequences (xj)
∞
j=1 in E such that
(ϕ(xj))
∞
j=1 ∈ lp for every bounded linear functional ϕ : E → K. We define ‖.‖w,p in l
w
p (E)
by ‖(xj)
∞
j=1‖w,p = supϕ∈BE′ ‖(ϕ(xj))
∞
j=1‖p.
The Banach space of all bounded n-linear mappings from E1 × ...×En into F endowed
with the sup norm will be represented by L(E1, ..., En;F ) and the Banach space of all
continuous n-homogeneous polynomials P from E into F with the sup norm is denoted by
P(nE;F ).
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The definition of absolutely summing polynomials and multilinear mappings we will work
with appears in [1] and is a natural generalization of the linear case:
T ∈ L(E1, ..., En;F ) is absolutely (p; q1, ..., qn)-summing if (T (x
(1)
j , ..., x
(n)
j ))
∞
j=1 ∈ lp(F )
for all (x
(s)
j )
∞
j=1 ∈ l
w
qs
(Es), s = 1, ..., n. We will write Las(p;q1,...,qn)(E1, ..., En;F ) to denote
the space of all absolutely (p; q1, ..., qn)-summing multilinear mappings from E1 × ... × En
into F. As in the linear case, it is known that T ∈ Las(p;q1,...,qn)(E1, ..., En;F ) if and only if
there exists C > 0 such that
(
k∑
j=1
‖T (x
(1)
j , ..., x
(n)
j )‖
p)
1
p ≤ C‖(x
(1)
j )
k
j=1‖w,q1 ...‖(x
(n)
j )
k
j=1‖w,qn
for each natural k and x
(l)
j ∈ El, l = 1, ..., n and j = 1, ..., k (see Matos [7]).
The infimum of the C > 0 for which the last inequality holds defines a norm ‖.‖as(p;q1,...,qn)
for Las(p;q1,...,qn)(E1, ..., En;F ), and under this norm this space is complete.
2 Results
In [2], Botelho shows that every continuous bilinear form defined in L∞-spaces (for the
definition of L∞-spaces we mention [6]) is absolutely (1; 2, 2)-summing (2-dominated). In
the same paper it is also proved that we can not expect another similar coincidence theorem
for p-dominated n-linear mappings, with n > 2. Recently, using a generalized Grothendieck’s
inequality, Pe´rez-Garc´ıa [12] obtained the following result of coincidence:
Theorem 1 (Pe´rez-Garc´ıa [12]) If E1, ..., En are L∞-spaces, then every continuous n-linear
(n ≥ 2) mapping T : E1 × ...× En → K is absolutely (1; 2..., 2)-summing.
Our first goal is to obtain coincidence results for the case in which some of the Ej are
L∞-spaces and some are arbitrary Banach spaces. The next result generalizes a theorem of
C.A. Soares [14] and is crucial for our purposes.
Theorem 2 Let A ∈ L(E1, ..., En;F ). Suppose that there exists K > 0 so that for any
x1 ∈ E1, ...., xr ∈ Er, the s-linear (s = n− r) mapping Ax1....xr(xr+1, ..., xn) = A(x1, ..., xn)
is absolutely (1; q1, ..., qs)-summing and besides ‖Ax1....xr‖as(1;q1,...,qs) ≤ K ‖A‖ ‖x1‖ ... ‖xr‖.
Then we can conclude that A is absolutely (1; 1, ..., 1, q1, ..., qs)-summing.
Proof: For x
(1)
1 , ..., x
(m)
1 ∈ E1, ...., x
(1)
n , ..., x
(m)
n ∈ En, let us consider ϕj ∈ BF ′ such that∥∥∥A(x(j)1 , ..., x(j)n )∥∥∥ = ϕj(A(x(j)1 , ..., x(j)n )) for every j = 1, ...,m. Thus, defining by rj(t) the
Rademacher functions on [0, 1] and denoting by λ the Lebesgue measure in I = [0, 1]r, we
have∫
I
m∑
j=1
(
r∏
l=1
rj(tl)
)
ϕjA(
m∑
j1=1
rj1(t1)x
(j1)
1 , ...,
m∑
jr=1
rjr (tr)x
(jr)
r , x
(j)
r+1, ..., x
(j)
n )dλ
=
m∑
j,j1,...jr=1
ϕjA(x
(j1)
1 , ..., x
(jr)
r , x
(j)
r+1, ..., x
(j)
n )
1∫
0
rj(t1)rj1 (t1)dt1...
1∫
0
rj(tr)rjr (tr)dtr
2
=m∑
j=1
ϕjA(x
(j)
1 , ..., x
(j)
n ) =
m∑
j=1
∥∥∥A(x(j)1 , ..., x(j)n )∥∥∥ = (∗).
So, for each l = 1, ..., r, assuming zl =
m∑
j=1
rj(tl)x
(j)
l we obtain
(∗) =
∫
I
m∑
j=1
(
r∏
l=1
rj(tl)
)
ϕjA(
m∑
j1=1
rj1 (t1)x
(j1)
1 , ...,
m∑
jr=1
rjr (tr)x
(jr)
r , x
(j)
r+1, ..., x
(j)
n )dλ
≤
∫
I
∣∣∣∣∣∣
m∑
j=1
(
r∏
l=1
rj(tl)
)
ϕjA(
m∑
j1=1
rj1(t1)x
(j1)
1 , ...,
m∑
jr=1
rjr (tr)x
(jr)
r , x
(j)
r+1, ..., x
(j)
n )
∣∣∣∣∣∣ dλ
≤
∫
I
m∑
j=1
∥∥∥∥∥∥A(
m∑
j1=1
rj1 (t1)x
(j1)
1 , ...,
m∑
jr=1
rjr (tr)x
(jr)
r , x
(j)
r+1, ..., x
(j)
n )
∥∥∥∥∥∥ dλ
≤ sup
tl∈[0,1],l=1,...,r
m∑
j=1
∥∥∥∥∥∥A(
m∑
j1=1
rj1(t1)x
(j1)
1 , ...,
m∑
jr=1
rjr (tr)x
(jr)
r , x
(j)
r+1, ..., x
(j)
n )
∥∥∥∥∥∥
≤ sup
tl∈[0,1],l=1,...,r
‖Az1...zr‖as(1;q1,...,qs)
∥∥∥(x(j)r+1)mj=1∥∥∥
w,q1
...
∥∥∥(x(j)n )mj=1∥∥∥
w,qs
= K ‖A‖

 r∏
l=1
sup
t∈[0,1]
∥∥∥∥∥∥
m∑
j=1
rj(t)x
(j)
l
∥∥∥∥∥∥

( s∏
l=1
∥∥∥(x(j)l )mj=1∥∥∥
w,ql
)
≤ K ‖A‖
(
r∏
l=1
∥∥∥(x(j)l )mj=1∥∥∥
w,1
)(
s∏
l=1
∥∥∥(x(j)l )mj=1∥∥∥
w,ql
)
. Q.E.D.
We have the following straightforward consequence:
Corollary 3 If L(E1, ..., Em;F ) = Las(1;q1,...,qm)(E1, ..., Em;F ) then, for any Banach spaces
Em+1, ..., En, we have L(E1, ..., En;F ) = Las(1;q1,...,qm,1,...,1)(E1, ..., En;F ).
Note that an particular case of this result is the aforementioned coincidence result of
Defant and Voigt. Another outcome of Theorem 2 is the following corollary, which proof is
an immediate consequence of Corollary 3 and Theorem 1:
Corollary 4 If E1,..., Es are L∞-spaces then, for any Banach spaces Es+1, ..., En, we have
L(E1, ..., En;K) = Las(1;q1,...,qn)(E1, ..., En;K), where q1 = ... = qs = 2 e qs+1 = .... = qn =
1.
The next straightforward corollaries, show that we still have interesting coincidence re-
sults if the range of our mappings has finite cotype.
Corollary 5 If cotF = q < ∞ and L(E1, ..., Es;K) = Las(1;q1,....,qs)(E1, ..., Es;K), then,
for any Es+1, ..., En, we have L(E1, ..., En;F ) = Las(q;q1,....,qs,1,....,1)(E1, ..., En;F ).
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Corollary 6 If cotF = q < ∞ and E1,..., Es are L∞-spaces, then, regardless of the
Banach spaces Es+1, ..., En, we have L(E1, ..., En;F ) = Las(q;q1,...,qn)(E1, ..., En;F ),where
q1 = ... = qs = 2 and qs+1 = ... = qn = 1.
It is obvious that Corollary 4 is still true if we replace K by any finite dimensional
Banach space. A natural question is whether Corollary 4 can be improved for some infinite
dimensional Banach space in the place of K. Precisely, the question is:
• If E1, ..., Ek are infinite dimensional L∞-spaces, is there some infinite dimensional F
so that L(E1, ..., Ek, ..., En;F ) = Las(1;q1,....,qn)(E1, ..., Ek, ..., En;F ), where q1 = ... =
qk = 2 and qk+1 = .... = qn = 1, regardless of the Banach spaces Ek+1, ..., En?
The answer to this question, surprisingly, is no. The proof is obtained as an application
of [9, Theorem 8]. Another relevant question is whether Corollary 6 can be improved to
p < q, i.e.,
• If cotF = q < ∞ and E1,..., Ek are infinite dimensional L∞-spaces, is there some
p < q for which, regardless of the Banach spacesEk+1, ..., En, L(E1, ..., Ek, ..., En;F ) =
Las(p;q1,....,qn)(E1, ..., Ek, ..., En;F ), where q1 = ... = qk = 2 , qk+1 = .... = qn = 1?
Again, using [9, Theorem 8] one can obtain a negative answer to this question.
This note forms a part of the author’s thesis written under supervision of M.C. Matos,
and he wishes to thank him for the suggestions.
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